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Abstract
Flow equations being nonlinear are notoriously difﬁcult to solve analytically. In this work we show that, through a three-
independent-functions variational formalism for steady barotropic ﬂows, new analytical solutions of the ﬂow equations can be
obtained. A family of ﬂows on predetermined toroidal Bernoulli surfaces is constructed. These ﬂows have nonzero helicity and
may be maintained by a suitable irrotational force distribution. For a particular density distribution, this force ﬁeld can be provided
approximately by self-gravitation.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of K. Bajer, Y. Kimura, & H.K. Moffatt.
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1. Introduction
Variational principles for barotropic ﬂuid dynamics are well known. A four-function variational formulation of
Eulerian barotropic ﬂuid dynamics was derived by Davydov [1], and independently by Seliger & Whitham [2], who
developed a variational formalism for barotropic ﬂow depending on only four variables. Lynden-Bell & Katz [3]
described a variational principle in terms of two functions, the load λ and density ρ which is appropriate to certain
ﬂow topologies (mainly toroidal or cylindrical). However, their formalism contains an implicit deﬁnition for the
velocity v such that one is required to solve a partial differential equation in order to obtain v and its variations in
terms of ρ and λ. Much the same criticism holds for their general variational procedure for non-barotropic ﬂows [4].
In a later paper by Yahalom & Lynden-Bell [5] (see also [6]), this limitation was removed at the price of adding an
additional single function. The later formalism allows arbitrary variations and the deﬁnition of v is explicit. Two
variational methods were introduced; the second of these, which is the subject of this paper, is only applicable to
steady ﬂows.
The plan of this paper is as follows: after introducing the basic notations, we introduce a co-moving coordinate
system that is based on the vortex lines (and is appropriate only to certain topologies). We show that our choice
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of coordinates is consistent with ﬂows having nonzero helicity. In the next section we give some details of the
three-function variational principle for steady ﬂuid dynamics [5]. Finally we show how, in terms of the variational
variables, one can solve the equations of ﬂow on a circular torus. We show that these ﬂows can be maintained by a
suitable irrotational force distribution, and that, for a particular density distribution in the toroidal geometry, this force
ﬁeld can be provided approximately by self-gravitation.
2. Basic equations of non-steady barotropic ﬂuid dynamics
Barotropic Eulerian ﬂuids can be described in terms of four functions, the three components of velocity v and the
density ρ. These functions need to satisfy the continuity and Euler equations:
∂ρ
∂t
+ ∇ · (ρv) = 0, (1)
dv
dt
≡ ∂v
∂t
+ (v · ∇)v = −1
ρ
∇p− ∇Ψ, (2)
in which the pressure p(ρ) is assumed to be a given function of the density, Ψ is some speciﬁc force potential, ∂/∂t is
a partial time derivative, ∇ has its usual meaning in vector analysis, and d/dt is the material time derivative. Taking
the curl of (2) leads to:
∂ω
∂t
= ∇× (v × ω), (3)
in which:
ω = ∇× v (4)
is the vorticity. Equation (3) describes the fact that the vortex lines are ‘frozen’ in the ﬂow, and thus that their topology
is conserved.
3. Co-moving coordinate system
For some ﬂows the vortex lines lie on cylinders or tori. For example for many astrophysical ﬂows it is assumed
that the vortex lines lie on cylinders. In these cases one can introduces co-moving surfaces α, β such that [5]:
ω = ∇α× ∇β, dα
dt
=
dβ
dt
= 0, (5)
so that the vortex lines are the intersection of the α and β surfaces. In these cases one obtains a Clebsch form for the
velocity:
v = α∇β + ∇ν. (6)
For a three-dimensional ﬂow, an additional co-moving coordinate is needed, indicating the position along a vortex
line; such a coordinate was introduced by Lynden-Bell & Katz [3] and denoted ‘metage’ μ (see also [5, 6]). We will
only mention here that the metage satisﬁes the equation
ρ = ω · ∇μ = ∇μ · (∇α× ∇β) = ∂(α, β, μ)
∂(x, y, z)
. (7)
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4. Topological constants of motion
Barotropic ﬂow is known to have the helicity constant of motion;
H ≡
∫
ω · v d3x, (8)
which is known to be a measure the degree of knottedness of the vortex lines ω [7]. (For a group-theoretical derivation
of the helicity constant, see Yahalom [8]). In terms of the ﬂuid dynamical potentials α, β, ν, ρ introduced above, the
scalar product ω · v is given by
ω · v = (∇α× ∇β) · ∇ν. (9)
With the local vector basis (∇α, ∇β, ∇μ) we can write ∇ν as:
∇ν = ∂ν
∂α
∇α+ ∂ν
∂β
∇β + ∂ν
∂μ
∇μ, (10)
and hence
ω · v = ∂ν
∂μ
(∇α× ∇β) · ∇μ = ∂ν
∂μ
∂(α, β, μ)
∂(x, y, z)
. (11)
Now we can insert equation (11) into equation (8) to obtain the expression:
H =
∫
∂ν
∂μ
dμdαdβ. (12)
The reader should note that in some scenarios the ﬂow domain should be divided into patches in which different
deﬁnitions of μ, α, β apply. We do not see this as a limitation for our formalism since the topology of the ﬂow is
conserved by the ﬂow equations. In those cases H should be calculated as the sum of the contributions from each
patch. We can consider the ﬂuid domain as composed of thin closed tubes of vortex lines each labelled by (α, β).
Performing the integration along such a thin tube in the metage direction results in:∮
α,β
∂ν
∂μ
dμ = [ν]α,β , (13)
in which [ν]α,β is the discontinuity of the function ν along its cut. [Thus a thin tube of vortex lines in which ν is
single-valued does not contribute to the helicity integral.] Inserting eqn. (13) into eqn. (12) results in:
H =
∫
[ν]α,βdαdβ, (14)
and hence
[ν] =
dH
dΦ
, (15)
i.e. the discontinuity of ν is the helicity density per unit of vortex ﬂux in a tube. We deduce that the Clebsch repre-
sentation does not imply zero helicity, rather it is perfectly consistent with nonzero helicity as demonstrated above.
Furthermore, according to eqn. (1.10) of [6],
d[ν]
dt
= 0. (16)
We conclude that not only is the helicity conserved as an integral quantity of the entire ﬂow domain, but the (local)
helicity density per unit of vortex ﬂux is conserved also
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5. Simpliﬁed variational principle for steady ﬂuid dynamics
For a steady ﬂow, eqn. (5) takes the form:
v · ∇α = 0, (17)
and the velocity ﬁeld must satisfy the steady forms of eqns. (1, 3), namely
∇ · (ρv) = 0, (18)
and
∇× (v × ω) = 0. (19)
It has been shown [5] (see also [6], §1.5) that a solution to eqns. (17,18,19) takes the form:
v =
∇μ× ∇α
ρ
. (20)
By vector multiplying v and ω and using eqns. (20) and (5) we obtain:
v × ω = ∇α, (21)
so both v and ω lie on α surfaces and provide a vector basis on the surface α = cst.
6. The action principle
In the previous section we have shown that if the velocity ﬁeld v is given by eqn. (20) than eqn. (1) is satisﬁed
automatically for steady ﬂows. To complete the set of equations we will show how the Euler eqns. (2) can be derived
from the three-function Lagrangian:
L ≡
∫
Ld3x with L[α, β, μ] ≡ ρ(1
2
v2 − ε(ρ)−Ψ) = ρ
(
1
2
(
∇μ× ∇α
ρ
)2 − ε(ρ)−Ψ
)
, (22)
in which v is given by eqn. (20) and the density ρ is given by eqn. (7) and ε(ρ) is the speciﬁc internal energy. The
variational derivative of L given in eqn. (22) is:
δL =
∫
δLd3x, with δL = δρ(v2 − w(ρ)−Ψ) + ρv · δv, (23)
w(ρ) is the speciﬁc enthalpy. Further analysis (see [5] and [6] §1.5.1) yields the required equation:
v × ω − ∇(1
2
v2 + w +Ψ) = 0. (24)
7. A ﬂow solution in circular toroidal coordinates
Consider a ﬂow in which both the velocity and vorticity lines lie on toroidal surfaces of the form r¯ = cst., where r¯
is deﬁned in terms of cylindrical polar coordinates (R,φ, z) by:
r¯ ≡
√
z2 + (R− 1)2. (25)
A cross section of such nested tori is shown in ﬁgure 1.
For such a ﬂow we have according to eqn. (21) α = α(r¯). We assume that the ﬂow is conﬁned between the tori
 ≤ r¯ ≤ a in which a and  are constants satisfying 0 <  < a < 1. Now let us deﬁne an angular coordinate η on the
tori such that:
η ≡ arctan z
R− 1 . (26)
227 Asher Yahalom /  Procedia IUTAM  7 ( 2013 )  223 – 232 
Fig. 1. R-z cross-section of the nested tori, with centre at R = 1, z = 0.
Then we have an orthogonal toroidal coordinate system: r¯, φ, η. The standard vector analysis operators in terms of
those coordinates are:
∇f = ˆ¯r ∂f
∂r¯
+ φˆ
1
R
∂f
∂φ
+ ηˆ
1
r¯
∂f
∂η
, (27)
∇ · A = 1
r¯R
(
∂(r¯RAr¯)
∂r¯
+
∂(r¯Aφ)
∂φ
+
∂(RAη)
∂η
)
, (28)
∇2f = 1
r¯R
(
∂
∂r¯
(r¯R
∂f
∂r¯
) +
∂
∂φ
(
r¯
R
∂f
∂φ
) +
∂
∂η
(
R
r¯
∂f
∂η
)
)
, (29)
∇× A = 1
r¯R
[
∂(r¯Aη)
∂φ
− ∂(RAφ)
∂η
]
ˆ¯r +
1
r¯
[
∂(Ar¯)
∂η
− ∂(r¯Aη)
∂r¯
]
φˆ+
1
R
[
∂(RAφ)
∂r¯
− ∂(Ar¯)
∂φ
]
ηˆ. (30)
7.1. The toroidal velocity ﬁeld
According to eqn. (6) we may write:
v = α∇β + ∇ν = ∇(αβ + ν)− β∇α. (31)
Deﬁning:
ν˜ = αβ + ν, (32)
Equation (31) takes the form:
v = ∇ν˜ − β∇α. (33)
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Since by assumption v lies on the toroidal surfaces, and ηˆ · ∇α = φˆ · ∇α = 0, we have: vr¯ = v · ˆ¯r = 0, and hence1:
∂r¯ν˜ = β∂r¯α, vη =
1
r¯
∂η ν˜, vφ =
1
R
∂φν˜. (34)
. If the function ν˜ exists then under reasonable smoothness assumptions we have:
∂2ηφν˜ = ∂
2
φη ν˜. (35)
Hence:
∂φ(r¯vη) = ∂η(Rvφ). (36)
A possible solution of the above equation is as follows:
vη =
ΓS(r¯)
2πr¯
, vφ =
ΓL(r¯, φ)
2πR
(37)
Now let us consider eqn. (20); in the current case this takes the form:
vη = −∂r¯α
ρR
∂φμ, vφ =
∂r¯α
ρr¯
∂ημ, (38)
If the function μ exists then under reasonable smoothness assumptions we have:
∂2ηφμ = ∂
2
φημ. (39)
Hence
∂φ
(
ρr¯vφ
∂r¯α
)
+ ∂η
(
ρRvη
∂r¯α
)
= 0, (40)
or simply
∂φ (ρr¯vφ) + ∂η (ρRvη) = 0. (41)
Inserting eqns. (37) into eqn. (41) we arrive at the following result:
∂φ
(
ρr¯
ΓL(r¯, φ)
R
)
+ ∂η
(
ρR
ΓS(r¯)
r¯
)
= 0. (42)
This can also be written as:
r¯
R
∂φ (ρΓL(r¯, φ)) +
ΓS(r¯)
r¯
∂η (ρR) = 0. (43)
A possible solution of the above equation is:
ρ =
g(r¯)
R
, ΓL = ΓL(r¯) (44)
Hence we can deduce that ΓL is the circulation along the ‘long path’:∮
η=const.,r¯=const.
v · ds =
∫ 2π
0
vφRdφ = 2πRvφ = ΓL, (45)
and ΓS is the circulation along the ‘short path’:∮
φ=const.,r¯=const.
v · ds =
∫ 2π
0
vη r¯dη = 2πr¯vη = ΓS , (46)
1We use the notation ∂f/∂x ≡ ∂xf
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The components of the velocity ﬁeld take the form:
vη =
ΓS(r¯)
2πr¯
, vφ =
ΓL(r¯)
2πR
, vr¯ = 0. (47)
By deﬁnition the metage μ must satisfy eqn. (7). To verify that this equation is indeed satisﬁed we calculate the
vorticity components by combining eqns. (4) with eqns. (38) and using eqn. (30):
ωr¯ = 0
ωη =
1
R
∂r¯(Rvφ) = +
1
2πR
∂r¯ΓL(r¯)
ωφ = −1
r¯
∂r¯(r¯vη) = − 1
2πr¯
∂r¯ΓS(r¯). (48)
Solving eqns. (38) for μ, we obtain:
μ = − gΓSφ
2πr¯∂r¯α
+
gr¯ΓL
2π∂r¯α
∫ η
0
dη′
(1 + r¯ cos η′)2
+ μ2(r¯), (49)
where
II(r¯, η) ≡
∫ η
0
dη′
(1 + r¯ cos η′)2
=
I(r¯, η)
1− r¯2 −
r¯ sin η
(1− r¯2)(1 + r¯ cos η) , (50)
and
I(r¯, η) ≡
∫ η
0
dη′
1 + r¯ cos η′
=
2√
1− r¯2
[
arctan(
√
1− r¯
1 + r¯
tan(
η
2
)) +
{
0, 0 ≤ η < π
π, π ≤ η < 2π
]
. (51)
Plots of I(r¯, η) and II(r¯, η) are shown in ﬁgures 2 and 3 for the representative value r¯ = 0.95; obviously both
functions are non-single-valued in η.
Fig. 2. I(r¯, η) for r¯ = 0.95.
Now inserting eqn. (49) and eqn. (48) into eqn. (7) we arrive at:
ρ =
ωφ
R
(
− ρRΓS
2πr¯∂r¯α
)
+
ωη
r¯
(
ρr¯ΓL
2πR∂r¯α
)
. (52)
Dividing both sides by ρ and multiplying by ∂r¯α we arrive at the result
∂r¯α =
ωηΓL
2πR
− ωφΓS
2πr¯
. (53)
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Fig. 3. II(r¯, η) for r¯ = 0.95.
Inserting the vorticity ﬁeld given in eqn. (48) into this equation we arrive at the explicit form:
∂r¯α =
ΓL(r¯)∂r¯ΓL(r¯)
(2πR)2
+
ΓS(r¯)∂r¯ΓS(r¯)
(2πr¯)2
=
ΓL(r¯)∂r¯ΓL(r¯)
(2π(1 + r¯ cos η))2
+
ΓS(r¯)∂r¯ΓS(r¯)
(2πr¯)2
. (54)
Since α is assumed to be a function of r¯ and not of η we conclude that
∂r¯ΓL(r¯) = 0 ⇒ ΓL(r¯) = ΓL = cst., (55)
and hence:
∂r¯α =
ΓS(r¯)∂r¯ΓS(r¯)
(2πr¯)2
, ωη = 0. (56)
Thus up to a constant factor α is not an arbitrary function but is dictated by the short-way circulation.
To conclude we obtain explicit expression for the remaining functions deﬁned in this section. Solving eqns. (34)
for ν˜, we obtain:
ν˜ = ΓS(r¯)
η
2π
+ ΓL
φ
2π
+ ν˜2(r¯), (57)
and solving eqns. (34) for β, we obtain:
β =
∂r¯ΓS
∂r¯α
η
2π
+ β2(r¯) =
2πr¯2
ΓS(r¯)
η + β2(r¯). (58)
From the above results and eqn. (32) we obtain ν:
ν = ν˜ − αβ = (ΓS − (2πr¯)
2α
ΓS
)
η
2π
+ ΓL
φ
2π
+ ν2(r¯). (59)
7.2. Helicity
The helicity of the ﬂow can be calculated using eqn. (14). The discontinuity of ν along the the curve on which both
α and β are ﬁxed is just the φ discontinuity of ν; thus according to eqn. (59) we obtain:
[ν]φ = ΓL. (60)
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The vorticity ﬂux differential is:
dΦ = ω · dS = ωφdSφ = − 1
2πr¯
∂r¯ΓS(r¯)r¯dr¯dη = − 1
2π
∂r¯ΓS(r¯)dr¯dη. (61)
Now the helicity can be easily calculated:
H =
∫
[ν]dΦ =
∫ a

dr¯
∫ 2π
0
dηΓL(− 1
2π
∂r¯ΓS(r¯)) = ΓL(ΓS()− ΓS(a)) (62)
The helicity is a result of the azimuthal vortex lines surrounding a ‘virtual’ vortex line going along the torus symmetry
axis2. The helicity can also be calculated using the traditional eqn. (8) yielding the same result.
7.3. Dynamics on the torus
Till now we have only discussed the kinematics of a ﬂow on a torus, we did not consider the forces that may
generate such a ﬂow. The entire dynamics of the ﬂow is encapsulated in the single scalar equation which is derived by
combining eqn. (24) with eqn. (21). According to this equation the force potential needed to maintain such a ﬂow is:
Ψ =
1
2
v2 + w(ρ)− α
=
1
2
((
ΓS(r¯)
2πr¯
)2
+
(
ΓL
2πR
)2)
+ w(
g(r¯)
R
)−
∫ r¯

dr¯′
ΓS(r¯
′)∂r¯′ΓS(r¯′)
(2πr¯′)2
. (63)
In order to derive the above eqn. we used eqn. (47), eqn. (44) and eqn. (56). Thus the force potential needed to
maintain this family of ﬂows is dependent on the eqn. of state w(ρ) of the material under consideration, the arbitrary
functions ΓS(r¯), g(r¯) and the arbitrary constant ΓL. Needless to say that one can verify the validity of this family of
solutions by inserting the velocity ﬁeld given in eqn. (47) and the density of eqn. (44) directly into Euler equations (2)
and the continuity eqn. (1).
Let us now consider the case in which the force potentialΨ is due to gravity. Two possible cases may be considered.
The case of torus self-gravity in which the potential Ψ must satisfy:
∇2Ψ = 4πGρ = 4πGg(r¯)
R
, (64)
where G is the universal gravitational constant; and the case in which Ψ is due to an external distribution of matter
outside the torus, in which the potential Ψ must satisfy
∇2Ψ = 0 (65)
inside the torus. The potential itself is easily seen to be a function of r¯, η made of two parts:
Ψ(r¯, η) = Ψ1(r¯) + Ψ2(r¯, η)
Ψ1(r¯) ≡ 1
2
(
ΓS(r¯)
2πr¯
)2
−
∫ r¯

dr¯′
ΓS(r¯
′)∂r¯′ΓS(r¯′)
(2πr¯′)2
Ψ2(r¯, η) ≡ 1
2
(
ΓL
2πR
)2
+ w(
g(r¯)
R
). (66)
The second part Ψ2(r¯, η) is needed to balance pressure forces and centrifugal forces due to rotation the long way
round the torus. Let us consider the case in which Ψ1(r¯) >> Ψ2(r¯, η) (pressure and ‘long-way’ centrifugal forces
neglected); in such a case:
Ψ  Ψ1(r¯). (67)
2The author would like to thank Professor Keith Moffatt for the interpretation of this result.
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By using eqn. (29), eqn. (64) takes the following form under the current approximation:
∂2r¯Ψ+
2
r¯
∂r¯Ψ− 1
R
(
1
r¯
∂r¯Ψ
)
= 4πG
g(r¯)
R
(68)
A solution is possible only if the following equation is satisﬁed:
∂2r¯Ψ+
2
r¯
∂r¯Ψ = 0. (69)
This is easily solved by the expression:
Ψ =
C1
r¯
+ C2 (70)
in which C1, C2 are constants. Hence
g(r¯) =
C1
4πGr¯3
(71)
Using eqn. (66) we can calculate the circulation round the short way:
ΓS(r¯) = 2π
√
C1r¯. (72)
8. Conclusion
In this paper we have constructed a new family of helical ﬂows on a torus. This was done using vorticity-related
co-moving coordinates α, β, μ, which are suitable for some ﬂow topologies such as ﬂows on toroidal or cylindrical
surfaces. The same coordinates are also useful for introducing a three-function Eulerian variational principle for
steady barotropic ﬂows. This is less than the four variables which appear in the standard equations of ﬂuid dynamics
which are the three components of the velocity ﬁeld v and the density ρ. An additional result described in this paper
is a formula for the ﬂow helicity in terms of the variational variables. It was shown that under suitable conditions the
torus can be approximately self-gravitating.
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